The paper presents a comparative analysis of two algorithms for the spatial interpolation of meteorological fields. Both algorithms are based on a four-dimensional low-order parametric dynamic stochastic model, taking into account the vertical variation of a meteorological field. The algorithms are characterized by different representations of the forecast model in state and observation space equations for the Kalman filter. The authors studied the accuracy of the spatial interpolation of temperature and wind fields for the developed algorithms. The results of the study are presented in this paper. Numerical simulation was conducted using long-term upper-air observations obtained for a typical mesometeorological range. The results of the study demonstrate that the accuracy of interpolation for the two considered algorithms is comparable. basin monitoring are solved at a local level, within large cities and large industrial centers. In particular, modeling and predicting the spatial distribution of industrial pollutants within small (up to 100-500 km) distances from emission sources plays an important role in the environmental protection system. Other important problems include the assessment and forecast of weather conditions in the areas affected by industrial or natural disasters. Meteorological support is also necessary for applied problems of radiophysics, radiolocation, radio navigation, and telecommunications, as well as for assessing the attenuation and transformation of electromagnetic radiation during atmospheric propagation. They are also needed to study environmental effects on the performance of optical space systems, to interpret multispectral satellite measurements and laser location data on atmospheric parameters.
Introduction
The state of the atmosphere at a given time (or for a given period) over any place or region of the globe is characterized by a combination of meteorological variables, such as pressure, temperature and humidity, wind speed and direction, cloud cover, precipitation, as well as by specific phenomena such as fog, thunderstorms, snowstorms, etc. For objective reasons, it is impossible to obtain reliable measurement data from every point on the globe. This is due to the fact that the existing network of weather and upper-air stations is unevenly distributed across the planet and almost not available in some areas. For example, in Eurasia, high-density networks of measuring stations can be found in the industrially developed countries of Central Europe. Networks in underdeveloped regions of Central Asia are rare or completely absent. The current remote space-based facilities cannot yet provide measurements with the necessary accuracy and frequency. Therefore, the applied meteorology focuses on diagnosing and predicting the state of the atmosphere over the areas poorly covered by meteorological observations and, accordingly, on developing solutions to this problem. This is especially important for mesoscale, i.e., for the areas with linear dimensions of 20-500 km and a height of the upper boundary up to 10 km. This is because the vast majority of applied problems related to air atmospheric state parameters for a mesometeorological scale. Various types of forecast models (low-order parametric dynamic stochastic, polynomial, regression, etc.) were used to synthesize the filtering algorithm.
Our previous studies [14, 15] proposed a simplified four-dimensional model that represents the evolution of meteorological variables in time and space for a mesometeorological scale. The dynamic stochastic model considers spatial and temporal changes in meteorological fields as random processes with known correlation properties. The algorithm based on the linear Kalman filter (LKF) is used to estimate (in fact, interpolate) a meteorological variable for a given point in space according to observations from several available weather stations. In order to restore meteorological fields over a limited area (for example, to nodes of a regular grid in three-dimensional space), an ensemble of filters should be used. This approach limits the dimension of state and observation vectors, reduces the dimension of forecast and estimation error covariance matrices, and therefore, simplifies the implementation of the filtering algorithm.
In this paper, we use a low-order parametric dynamic stochastic model with a vertical component based on a four-dimensional differential equation. It should be noted that based on this model, researchers have developed two filtering algorithms that ensure the interpolation of meteorological fields at the mesoscale [14, 15] . These algorithms are characterized by different representations of the initial forecast model in state and observation space equations in terms of the Kalman filter.
Thus, the aim of this paper is to consider the structural differences between the two algorithms [14, 15] , and to assess the effects of these differences on the accuracy of interpolation of meteorological fields.
Problem Statement and Features of the Proposed Approach

General Problem Statement and Description of the Model
Let us briefly state the problem considered earlier in [14, 15] in general form. Assume that (s + 1) of spatially separated points with known coordinates (x i , y i ), where i = 0, . . . , s, is given in the mesoscale range at the ground level. Regular upper-air measurements of meteorological variables (temperature and orthogonal wind velocity components) were conducted in the vertical profile of the atmosphere above points i = 1, . . . , s. It should be noted that such measurements are absent for point i = 0 with coordinates (x 0 , y 0 ). The restoration of the meteorological field ξ 0 at point i = 0 implies estimating its values from the measurements obtained at points i = 1, . . . , s. According to [21, 22] , the resulting estimate of the field ξ 0 at the required point (x 0 , y 0 ) is determined as the sum of the random ξ 0 and regular ξ 0 components:
The average value of the data from three nearby measuring stations calculated for a specific height h is used as a regular field component.
where
is the weighting factor, and ρ i0 = (x i −x 0 ) 2 + (y i −y 0 2 is the distance between the weather station i and the forecast point (i = 0). To describe the random component ξ 0 , we use a dynamic stochastic model with two equations: where α and β are the coefficients that determine the temporal and spatial relationships among the data of upper-air stations within the mesoscale range; γ is the coefficient that determines the inter-level relationship of meteorological fields; k is the discrete time; and ε is the noise of the model that determines the random nature of atmospheric processes. Equation (3) demonstrates the temporal and spatial relationship between the interpolation point and the measuring stations. Equation (4) describes changes in the field in time directly at the interpolation point. Statistical properties of the atmospheric parameters can be described by correlation functions using the following exponential expressions: µ(τ) = exp(−ατ) in time, µ(ρ) = exp(−βρ) in the horizontal plane, and the correlation function of height µ(h) = exp(−γh). Where α = 1/τ 0 , β = 1/ρ 0 , γ = 1/h 0 are the coefficients that are inversely proportional to the intervals of temporal, spatial, and inter-level correlation, respectively.
As compared to the model [21, 22] , based on the two-dimensional mesoscale diffusion equation, the proposed model [14, 15] includes a new element that is responsible for vertical correlation, as shown in Equation (3) . Meteorological variables at the interpolation point (x 0 , y 0 ) are unknown and need to be estimated. The coefficients α, β, and γ should be determined in advance during the preliminary analysis of the upper-air data obtained for the selected mesoscale range. This is because the meteorological fields can be considered to be homogeneous and isotropic for time intervals between upper-air observations and within the selected mesoscale range (maximum size 500 × 500 km).
Equations (3) to (4) can be represented as a system of difference first-order equations [30] with the following matrix form:
where x t k is the state vector, including unknown variables to be estimated, at time k; ψ k is the transition matrix for a linear discrete system; ω t k is the state noise vector; and t stands for true values. The general observation model should be represented by a sum of the true value of the meteorological variable and the observational error at the measurement point i [30]:
where z o k is the observation vector, including a set of centered measurements obtained at stations at time k; H k is the observation matrix that determines the functional relationship between state variables and current measurements; ε o k is the vector of observational errors at time k; and the symbol o stands for observations.
Recall that this paper considers two interpolation algorithms [14, 15] , in which Equations (3)-(6) is used in different representations. Accordingly, the dimension and content of the matrices ψ k and H k for the developed algorithms will be different. In any case, the coefficients α, β, and γ are estimated a priori, separately from the filtering algorithm.
Kalman Filter Structure for the First Variant of the Interpolation Algorithm
In the first case [14] , the state vector x t k consists of a single element shown in Equation (4), which is the value of the required meteorological variable at the point with the coordinates (x 0 , y 0 ) for a given height level h at time k. Therefore, the transition matrix also consists of a single element:
where ψ 1,k is the transition matrix for the first interpolation algorithm [14] ; and subscript "1" indicates that the transition matrix is defined specifically for the first algorithm. In turn, the vector z o k consists of centered values of meteorological variables, as shown in Equation (8), where it is represented as elements of the vertical profiles obtained for all observation stations s at synchronous times k:
The first subscript of each element of the observation vector (z o ij ) shows the number of a measuring station (i = 1, . . . , s), and the second subscript stands for the number of the height level (j = 0, 1, 2). Here, the element of the height profile is defined by three successive levels: below (j = 1); above (j = 2), and at the level of the estimation point (j = 0). The levels are selected on the basis of the applicable height grid. The height difference between the levels is ∆h 10 and ∆h 20 , respectively. According to Equation (8), the dimension of the observation vector z o k is equal to (3s × 1). The comparison of Equations (3) and (8) shows that the elements of the observation matrix in Equation (6) consist of the coefficients β and γ, which represent the horizontal and vertical spatial correlations of meteorological fields:
where γ 10 and γ 20 are the values that determine the vertical inter-level correlation between the given height levels (1-0) and (2-0), respectively; while ∆ρ s0 is the distance between the station s and the interpolation point. Accordingly, the dimension of the matrix H 1,k is equal to (3s × 1).
Kalman Filter Structure for the Second Variant of the Interpolation Algorithm
In the second case [15] , the state vector x t k consists of n elements and includes the meteorological variables to be estimated:
The elements of the vector ξ 0 and ξ i in Equations (3) and (4) determine the values of meteorological variables at different points of the mesoscale range. According to Equations (3), (4) and (10), the transition matrix for the second interpolation algorithm [15] is given by:
According to Equations (8) and (10), the observation matrix for the second interpolation algorithm [15] is given by:
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The dimension of the observation matrix H 2,k is equal to (3 s) × (3 s + 1).
General Matrix Expressions for the Synthesized Algorithms
To develop the interpolation algorithms, we used the classical matrix equations of the linear Kalman filter [14, 15, 30] , which provides an estimate of all the elements of the state vector shown in Equations (5) and (10) with a minimum value of the root mean square (RMS) error. Matrices (7), (9) and (11), (12) completely determine the filter (LKF) structure, which makes it possible to estimate the meteorological variable at a point with coordinates (x 0 , y 0 ) at height h.
The basic matrix equation for the Kalman filter is given by [30]:
where x a k is the estimate (analysis) of the state vector at time k; x f k are the predicted values for the state vector at time k; and K k is the weighting matrix. The matrix K k for the linear Kalman filter is calculated using the following recurrence equations [30]:
T > is the forecast error covariance matrix; I is the identity matrix; R k is the measurement error covariance matrix; and Q k−1 is the state noise covariance matrix.
Results of the Experiment and Statistical Evaluation
Description of the Experimental Data
The mesoscale spatial interpolation algorithms discussed above were tested for meteorological ranges of various sizes. The experiment was based on the data obtained in 2015 in the area limited by the mesoscale, which included five upper-air stations: Ryazan, Moscow, Kursk, Sukhinichi, and Smolensk (Figure 1) . The Moscow and Kursk weather stations were chosen as reference points for interpolation. Based on the algorithms, the spatial distribution of a cloud of pollutants was numerically analyzed using orthogonal wind velocity components and temperature, averaged within the upper-air layer. The averaging was performed using the expression < ξ > h 0 ,h (here, h 0 is the ground height above sea level, and h is the height of the upper boundary of the layer), for atmospheric layers: 0-200, 0-400, 0-800, 0-1200, 0-1600, 0-2000, 0-2400, 0-3000, 0-4000, 0-5000, 0-6000 and 0-8000 m. Thus, the observations were based on the average values of temperature < T > h 0 ,h , zonal < U > h 0 ,h , and meridional < U > h 0 ,h wind velocity components for the layer, which were calculated using the actual measurements taken at standard isobaric levels in the height range from 0 to 8 km [21, 22] . wind velocity components for the layer, which were calculated using the actual measurements taken at standard isobaric levels in the height range from 0 to 8 km [21, 22] . 
Initial Conditions for LKF Initiation
To initiate the Kalman filter shown in Equations (13)-(15) for each interpolation algorithm, the following initial conditions were defined: 0.9 = α ,
, and 1 2 = γ for estimating the temperature, and 0. 
Comparative Analysis of the Simulation Results
Let us compare the results of numerical simulation for the two spatial interpolation algorithms. It should be noted that the algorithms were compared under equal conditions. Figures 2 and 3 show behavior graphs for the spatial interpolation (extrapolation) of RMS errors for air temperature, and orthogonal (zonal and meridional) wind velocity components obtained for summer and winter seasons at Kursk and Moscow measuring stations. 
Initial Conditions for LKF Initiation
To initiate the Kalman filter shown in Equations (13)-(15) for each interpolation algorithm, the following initial conditions were defined: α = 0.9, 1/β = 1200, γ = 1, γ 1 = 1, and γ 2 = 1 for estimating the temperature, and α = 0.3, 1/β = 700, γ = 0.5, γ 1 = 0.5, and γ 2 = 0.5 for estimating the orthogonal wind velocity components. The matrices x a 0 = 0 and P a 0 = 10 were selected as initial conditions for the state parameters. The main diagonal of the observation noise covariance matrix R k = σ 2 ξ I is defined using values of the elements of the radiosonde error covariance matrix taken from [22] : σ ξ = 1 • C for air temperature, and σ ξ = 1 m/s for the orthogonal wind velocity components. The state noise covariance matrix Q k = I was defined as an identity matrix.
Comparative Analysis of the Simulation Results
Let us compare the results of numerical simulation for the two spatial interpolation algorithms. It should be noted that the algorithms were compared under equal conditions. Figures 2 and 3 show behavior graphs for the spatial interpolation (extrapolation) of RMS errors for air temperature, and orthogonal (zonal and meridional) wind velocity components obtained for summer and winter seasons at Kursk and Moscow measuring stations.
The analysis of the graphs suggests that the proposed algorithms can be successfully applied in practice, since the RMS errors of spatial interpolation T, U, and V vary in the range of 0.8-2.5 • C (for air temperature) and 1.0-4.5 m/s (for orthogonal wind velocity components), depending on the height range and season.
The research results show that the proposed algorithms have comparable characteristics in terms of interpolation accuracy. The difference in the accuracy is about 0.1-0.3 • C for air temperature and 0.1-0.5 m/s for wind velocity components.
Thus, the application of the model shown in Equations (3) and (4) in variants (6), (11) or (8), (12) is not necessary for the synthesis of the interpolation algorithm. In any case, the accuracy of the interpolation is comparable.
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Thus, the application of the model shown in Equations (3) and (4) in variants (6), (11) or (8), (12) is not necessary for the synthesis of the interpolation algorithm. In any case, the accuracy of the interpolation is comparable. 
Additional Notes
It should be noted that the simulation is based on the pre-calculated coefficients α , β , and γ .
The parameters of the model in Equations (3) and (4) were set using the empirical correlation functions obtained for each meteorological variable under study (T, V, U) and approximated by exponential expressions
. The calculation technique is well known and considered by the authors in [7] .
Obviously, in order to solve operational problems, unknown variables α , β , and γ should be calculated in real time. Two approaches can be used. The first is to introduce unknown variables to be estimated into the state vector. In this case, the problem becomes nonlinear and requires the use of the extended Kalman filter (EKF). The second approach is to use the ensemble Kalman filter 
It should be noted that the simulation is based on the pre-calculated coefficients α, β, and γ.
The parameters of the model in Equations (3) and (4) were set using the empirical correlation functions obtained for each meteorological variable under study (T, V, U) and approximated by exponential expressions µ(τ) = exp(−ατ), µ(ρ) = exp(−βρ), and µ(h) = exp(−γh). The calculation technique is well known and considered by the authors in [7] .
Obviously, in order to solve operational problems, unknown variables α, β, and γ should be calculated in real time. Two approaches can be used. The first is to introduce unknown variables to be estimated into the state vector. In this case, the problem becomes nonlinear and requires the use of the extended Kalman filter (EKF). The second approach is to use the ensemble Kalman filter (EnKF). Both approaches led to a significant complication of the algorithm structure and require more computation.
The authors are aware that the interpolation algorithms based on a simplified dynamic stochastic model have some limitations. Their application is limited to local areas with a size of not more than 500 × 500 km. Nevertheless, the ease of implementation and the acceptable accuracy of interpolation for a number of applied problems suggest that this approach is applicable to autonomous local networks for collecting meteorological data. In particular, the authors applied these methods to restore a vertical profile of the atmospheric boundary layer using measurements from unmanned aerial vehicles (UAVs). The results suggest that the proposed approach can be successfully used for areas limited by the γ (gamma) and β (beta) mesoscale.
Conclusions
In conclusion, it should be noted that the studies of interpolation algorithms based on the Kalman filter and the low-order parametric dynamic stochastic model taking into account the height variation of meteorological fields demonstrate that the presented algorithms are sufficiently effective and can be successfully used to solve applied meteorological problems.
A preliminary estimation of the parameters α, β, and γ should be based on spatial, inter-level, and temporal correlation properties of the atmosphere in a given mesoscale region, which were obtained by processing meteorological and upper-air measurements in real time. This conclusion is supported by the studies of the algorithms with different sets of coefficients α, β, and γ for different values of meteorological variables and heights. The results of these studies allowed us to identify some clear trends and impose relevant requirements. Thus, the further development of the algorithm will be aimed at estimating the parameters of the model based on both EKF and EnKF.
From the point of view of software implementation, the algorithm using the first variant of state and observation Equations (7) and (9) has a smaller dimension of the state vector, and therefore requires less computational cost. It should be noted that this filter provides an estimate of meteorological variables for only one fixed height level. Therefore, in order to restore the entire vertical profile at a forecast point, we need to use several filters that operate simultaneously (in our case, 12 filters operating in parallel). Nevertheless, the scope of computational operations for the first variant (7), (9) is less than that for the second variant (8), (12) . This makes the first variant more preferable for practical use.
Due to low requirements for computer memory and performance, the developed algorithms can be used in operational environmental monitoring systems, including those based on mobile platforms. In this regard, using UAVs as a versatile platform that can carry meteorological sensors and provide regular automatic measurements of vertical profiles in the atmospheric boundary layer over areas not covered by measurements is a promising application.
